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Abstract—The material model consists of a viscoelastic Burgers element and an additional
viscoplastic Bingham element when the effective stress exceeds the yield stress. For partly
plastic vessel walls, expressions are derived for the stress and strain state in pressurised or
relaxation loaded thick-walled cylinders in plane strain and spheres. For the spherical problem,
the material compressibility is accounted for. The influence of the different material para-
meters on the behaviour of the vessels is evaluated. It is shown that the magnitude of the

Maxwell viscosity is of major importance for the long-term behaviour of thick-walled partly
plastic vessels.

INTRODUCTION

The quasi-static time-dependent behaviour of thick-walled spheres and cylinders is of
great importance in many areas ranging from mechanical design situations to rock
mechanical problems. Typically, the creep behaviour of materials changes from a linear
dependence for small stresses to a nonlinear stress dependence for higher loadings. A
combined viscoelastic-viscoplastic model can simulate such a material behaviour.
Below a certain yield stress, a linear viscoelastic behaviour occurs, whereas additional
viscoplastic response occurs if this yield stress is exceeded. However, only a few
simplified analytical solutions for the behaviour of thick-walled vessels have been es-
tablished for such a material behaviour, and numerical solutions are most often resorted
to.

It will turn out that there is a fundamental difference in the behaviour of the vessel
depending on whether it is partly or fully plastic. In the first case, we have, in general,
a moving plastic boundary, which presents a much more difficult problem than when
the vessel is fully plastic. Partly plastic vessels will be treated in the present article,
whereas fully plastic vessels are considered in {1].

For a partly plastic pressurised sphere, Madejski|2] established a solution for the
stress field, adopting a simplified elastic-viscoplastic behaviour. However, it will be
shown that the solution of Madejskil2], often referred to, is erroncous. Very recently,
Berest and Nguyen[3] presented the correct solution to this elastic-viscoplastic spher-
ical problem, accounting even for a linear hardening of the viscoplastic behaviour. For
the same elastic-viscoplastic material, Nonaka[4] treated the relaxation behaviour of
infinite spheres and cylinders, but the assumptions of incompressibility and a fixed
prescribed displacement indicate that the plastic radius becomes constant with time,
which simplifies the analysis significantly.

The solutions derived in this study for partly plastic vessels represent significant
generalisations and extensions. First, incompressible cylinders in plane strain and
spheres are treated in a unified fashion. Second, pressurised as well as relaxation loaded
vessels are treated. Even for these widely different cases, it is possible to follow a
unified exposition fairly extensively. In addition, we apply a quite general constitutive
model consisting of a viscoelastic Burgers model below the yield stress as well as a
viscoplastic Bingham model above this limit. For the spherical problem, the material
compressibility is accounted for.

For this broad spectrum-of problems, we shall present solutions of the stress and
strain fields, and a detailed discussion will be given with emphasis on the principal
aspects of the vessel behaviour and the influence of the different material parameters.
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CONSTITUTIVE EQUATIONS

We shall now set up the constitutive equations for a material having a creep-
sensitive deviatoric response while its volumetric response is purely elastic. Below a
certain yield stress, we assume a viscoelastic response corresponding to a Burgers
material, i.e. a Maxwell and a Kelvin element in series. Above the yield stress, we
assume an additional viscoplastic response corresponding to a Bingham element. The
material response is symbolised in Fig. 1.

It appears that the material model reflects many creep characteristics that can be
observed for metals, soils and rocks. Owing to the friction element, the creep behaviour
depends nonlinearly on the stresses, and whereas the Maxwell and the Bingham ele-
ments exhibit secondary, irreversible creep, the Kelvin element exhibits primary, re-
versible creep. The presence of the Kelvin element is therefore important for many
applications. However, its inclusion complicates the calculations considerably as it
increases the order of the involved differential equations from one to two.

The deviatoric stress and strain tensor are defined by

1 1
Sij = Oij — 7 8ij Oux, eij = € — 7 d;j €, (1, 2)

3 3

where o;; and ¢;; denote the stress and strain tensor, respectively, and where usual
tensor notation is applied. Tension and elongation are considered positive.

For the Maxwell, Kelvin and Bingham elements, all quantities are labelled with
the index M, K and B, respectively. Moreover, the constants G and n denote, in general,
a shear modulus and a viscosity coefficient, respectively.

The constitutive equation for the Maxwell element is

= U _l_f )
eij.M ZGM+271M s;; dt. 3)

The constitutive equation for the Kelvin element is
5ij = 2nk éy.x + 2Gk €ijx, 4
where a dot denotes the time derivative. For stresses below the yield stress, the

Bingham element is rigid; otherwise, the constitutive equation for the Bingham element
is

ejB = ﬁf (1 - ‘Z:—Z> s;;dt, for o, =0y, 4)
a) ) b)
Gu Maxwell
MM i
Ok Nk | Kelvin % K |Hooke
1
Oy Mg | Bingham
1

Fig. 1. Material model: (a) deviatoric response, (b) volumetric response.
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where o, is the yield stress and o, is the cffective stress of von Mises defined by
3 172
Te = (E Sij S.‘j) . (6)

Assuming small strains, the total deviatoric strain tensor ¢;; consists of the contributions
from the Maxwell, Kelvin and Bingham clements, i.c.

€ijxk = €ijj — €M — €8 )]

Inserting (7) in (4) and using (3) and (5) yields, after differentiation,

Nk . nw  Gx Mk Gy)].
LS I QL L G Y S A2 N
Gu "’ [ mw  Gu ’fln( L /

T]K o'yd'e GK GK( Cy) :l .
R " St ot T Rl . -2 Sy = 20y € + 2Gx €4, 8
[ MBO: My p y = 2Nk éy; x €l @®

e

This second-order differential equation governs the deviatoric response of the material.
Its solution requires the specification of two initial conditions. Here we assume that
the load is applied suddenly; i.e. an elastic response exists at 7 = 0*. As a consequence,
all the initial displacement occurs in the Maxwell spring; i.e. the first initial condition
becomes

Sij0 = 2Gp €50, )]

where, for instance, e;;,0 denotes the value of ¢;;at r = 0*. Initially, the Kelvin element
is completely undeformed, i.e. e;,x = 0. Therefore, inserting (7) in (4) and using (3)
and (5) yields the second initial condition:

. . 1 1 1
Sijo = 2Gu eijio — Gpm ["‘— + — 4 — (l - .E.Z.)] Sij.0- 1o,
MM Tx Ms Te.0

Clearly, by letting np — =, (8)~(10) apply also when the stresses are below the yield
stress.

Contrary to the viscous deviatoric response as defined above, the volumetric be-
haviour is assumed to be purely elastic, i.e.

i

€ = K’ (1

where the constant X is the bulk modulus.

The constitutive equations derived above apply generally, but they shall later be
used for spherical and cylindrical vessels. Before this, we shall derive some general
expressions for such structures, and in particular a unified formulation of incompres-
sible cylinders in plane strain and spheres will be established.

SPHERICAL PROBLEM
For spheres, only two directions are of interest. It follows from (6) that

o. = T(os — O,) (12)

in familiar notation. Depending on the problem, we choose T = lor T = ~1soasto
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ensure that the effective stress is positive. We also have
So = == (13)
T

The compatibility equation, which applies to spherical as well as cylindrical problems,

reads
de
ra—:+eo-—e,=0. (14)
From spherical symmetry, it follows that
(15, 16)

€ = €; — 2¢g, ou = 2To, + 3o,.

Inserting (15) in (14) and making use of (11) and (16) vields

aﬁe _ 1
r ™ + 3€g = IK (2To, + 30,). 1))

The equilibrium equation for spherical problems can be written
(18)

3o,
r = 2o,

ar

The only variables are radius and time. Therefore, inserting (18) in (17) and integrating

gives
{0, e
€y = r3 + 3K ’ (19)

where f(¢) is an arbitrary time-dependent function. The only assumption related to (19)
is that of Hooke's law for volumetric response. Apart from that, (19) applies generally;

i.e. f(¢) is the same universal function all through the vessel wall.
0;/9K, the use of (16) and (19) results in

As €y = € —
_fo 21
eq = 73 oK Ce. (20)

By definition, ¢, = —2¢¢ + 0;/3K. On eliminating €, and o;; by means of (19) and (16),

respectively, we find
flo 1
2=+ 3K Q2To. + o,). 21

r =

CYLINDRICAL PROBLEM

To attain closed-form solutions for the cylindrical problem, it becomes necessary
to assume incompressibility; this implies that Poisson’s ratio equals 4, whereby ¢;;
e;;. Moreover, only plane strain is considered, i.e. €, = 0. From these assumptions,

(22)

there follows
€, = —€q.
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The only variables are time and radius. Therefore, using (22) in the compatibility equa-
tion, as given by (14), and integrating result in

€ = €p =£"(2L), (23)

where f(¢) is an arbitrary time-dependent function. The only assumptions related to
(23) are those of incompressibility and plane strain. Apart from those, (23) applies
generally; i.e. f(¢) is the same universal function all through the vessel wall.

Considering the z-direction and noting that ¢, = 0, (9) shows that the first initial
condition is s, = 0, and (10) shows that the second initial condition is s;0 = 0.
Moreover, in the z-direction, constitutive equation (8) reduces to a homogeneous dif-
ferential equation, where the trivial solution s; = 0 is the true solution, as it satisfies
the above-mentioned initial conditions. Consequently,

0 = 3 (0, + 00 e

and the effective stress as given by (6) becomes

ge=T XZ? (0o — a,). (25)

Depending on the problem, we choose again T = 1 or T = ~1 to ensure that the
effective stress is positive. From (24) and (25), there follows

Te

So = G (26)
Using (25), the equilibrium equation for cylindrical problems can be written as
do, 2T
r _67 =3 Ce. 27

UNIFIED FORMULATION FOR SPHERES AND CYLINDERS

To facilitate the exposition, a unified treatment of the spherical and cylindrical

problems is clearly preferable. This can be attained by writing the equilibrium equation
as

do, | 0.
—a-r——)\r. (28)

A comparison with (18) and (27) shows that

2T , for spherical problems
A=q2T 29
ﬁ , for cylindrical problems.

Similarly, (13) and (26) show that

So = 3 - (30)
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Finally, (20) and (23), which are derived from the compatibility equation, show that
we can write

0

e = — - Mo, (3D
r
where
o = 3, for spherical problems (32)
2, for cylindrical problems
and where
;—; , for spherical problems
M= (33)
0, for cylindrical problems.

In general, incompressibility, i.e. K — =, implies that M = 0. Note that f(¢) is
the same universal function all through the vessel wall.

Thus, we have now formulated a problem where the equilibrium equation is given
by (28) and the compatibility equation is stated as (31). The constitutive equation for
the deviatoric response and the corresponding initial conditions are given by (8)~(10).
The volumetric response is defined by (11). What remains is to specify the boundary
conditions. Denoting the inner radius by r, and the outer one by r,, the boundary
conditions are

r=r, o = -pt) (34)
R o, = —pi(t), stress boundary problem 35)
" Yu =w, displacement boundary problem.

That is, we will consider pressurised vessels as well as relaxation of vessels. However,
even for the displacement boundary problem, there exists a pressure along the inner
surface, and this so-called shrink-fit pressure varies with time. Therefore, the boundary
condition (35) suggests that

r=ury, o, = —pi(1) (36)

always applies. For relaxation problems, the shrink-fit pressure is still unknown. It will
appear that it can be determined using (35).

We shall also state expressions for the circumferential and radial strain. From (19)
and (23), valid for the spherical and cylindrical problems, respectively, the circumfer-
ential strain, defined by ¢s = u/r where u is the radial displacement, can be written in
the following unified way:

_f(y  3M
=" + 350 37
Similarly, (21) and (22) indicate that
€ = —(a - 1)& + 31! 2To. + o,). (38)
re 2T

Note that for incompressible materials, where M = 0 [see (33)], the strains depend on
the radius through the factor r = alone, irrespective of the material model.
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It should be observed that the preceding unified formulation of cylinders and
spheres applies quite generally. For the spherical problem, the only assumption used
is that of Hooke’s law for volumetric response. For the cylindrical problem, the only
assumptions are those of incompressibility, plane strain and that s, = 0 applies.

PRELIMINARY EXPRESSIONS FOR THE STRESSES AND STRAINS

Having formulated the constitutive equations, the initial and boundary conditions
as well as some general expressions for the vessels, we are now in a position to derive
some general preliminary expressions for the effective stress and the time-dependent
function f(¢) present, for instance, in (31). Later on, these expressions shall be sim-
plified, but this simplification depends on whether or not all stress states in the vessel
wall exceed the yield stress.

From spherical symmetry, there follows s, = —2s¢ and ¢, = —2eq. For the cy-
lindrical problem, we have s, = —s and e, = —e,. Therefore, the deviatoric consti-
tutive equation (8) takes the same form whether the radial or the circumferential di-
rection is considered. Taking, for convenience, the circumferential direction and using
(30) and (31), constitutive equation (8) can, after some algebra, be written as

&,+A6‘,+Ba,=Cr—{+D;f;+F, 39)
where
G (1 1 1) Gx
Ase—m————— | —  — 4 =] + — 40
T+ M G \nar * x 7a) “
G G (1 1)
B = 41 41
0+ 3\M Goyne \nr 10 “h
3\ G
C=T+amcy “2)
30 Gy G
D= T Gornr “3)
F GMGKO'y (44)

T + 3\M Ga)x 15

and where the term AM is always nonnegative. Note that constitutive equation (39)
applies always so long as the material point is in a viscoelastic-viscoplastic state.

Let us now assume that the material point initially is also in a viscoelastic-vis-
coplastic state. Then, the two initial conditions (9) and (10) apply, and using (30) and
(31) they can be written as

veo = C L2 (45)
and
6’,_0=C{£-(AC—D){£+N, (46)

where D/C = Gx/nx has been used and where

GM Ty

N= G MG

“n
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The roots of the characteristic equation belonging to (39) are

‘(< 1
o) R R GEL “

Trivial considerations show that A> — 4B = 0 always holds. The differential equation
(39) subjected to the initial conditions (45) and (46) has been solved in Appendix A.
Therefore, using (A4) we can write the solution to (39) directly as

Cf(1) + ¥(1)
r i

o, = ®(1) + (49)

where the function ®(r) is defined by

cR'r - cR'x oy R"
®) = TR (N 1 + ol

oy R
)+1+na/'rw(l e (50)
and where the relation F/B = g,/(1 + ms/na) has been used. The unknown function
Y(¢) present in (49) is given by (A2), i.e.

1
R' - R"

Y = - [R”(C’R" + D) eX J; ’ f(r) e~ ®tdr

- R'(CR' + D) e®* J: f(tye % dt} . én

Note that solution (49) applies to material points that initially are in a viscoelastic-
viscoplastic state and that remain in such a state. The fundamental property of (49) is
that the effective stress depends on radius and time through separated functions.

If a material point is in a viscoelastic state, the constitutive equation can be obtained
from (39) by letting the viscoplastic viscosity nz — = in the expressions for the pa-
rameters. The derived parameters are labelled with subscript e; i.e. we obtain

GM ( 1 1 ) Gx
Ap = e [ — 4 — ) + — 52
1+ 3A\M Gy \my Nk nx ©2)
Gu Gk
B, = 53
(1 + 3\M Grelre e 3)
C.=¢C (54)
D.,=D (53)
F, =0 (56)
Ne = (. (57)
The constitutive equation then becomes

&,+A,&,+B,m=c;_f;+l>;§, (58)

and this expression applies always so long as the material point is in a viscoelastic

state.
The roots of the characteristic equation are

Ri(=0)} 1 g
R: (<0)} b 2( A! + Ai — 48,)9 (59)

where A2 — 4B, = 0 holds again.
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Assume now that the material point initially also is in a viscoelastic state. The
initial conditions are then given similarly to (45) and (46) by replacing A, C, D and N
with the corresponding parameters given by (52), (54), (55) and (57). Consequently, we
can state the solution to (58) directly from (49), noting that ¢(#). = 0 because ng — ©
and N, = 0. The solution is therefore

e GETOY )

where

_ 1
R: — R

Y1) = [RZ(C ¢ + D) et L‘ f(tye~R'dr

— RYCR! + D) e* J: f(r) e~ Ret dt] . (61)

The fundamental property of (60) is that the effective stress depends on radius and time
through separated functions.
Note that (49) applies to material points that always remain in a viscoelastic-vis-

coplastic state, whereas (60) applies to material points that always remain in a visco-
elastic state.

For material points that change from a viscoelastic-viscoplastic state to a visco-
elastic state or vice versa, the functions ¥(z) and ¥(¢), will take different forms as they
will depend on the time when the material state is changed; i.e. they will take different
values for different positions. This aspect was not noticed in the often-referred-to paper
by Madejski[2], and as a consequence the solution derived in [2] for a partly plastified
elastic-viscoplastic sphere is erroneous.

We shall now determine a preliminary expression for the time-dependent function
f(2) present in the strain expressions, as, for instance, (31). For material points that
always are in a viscoelastic-viscoplastic state, integration of (39) gives [see (B3)]

fo 1 [3x g~ Oxinu

— =—|=g,
C Nk

1 1 : c
+ [ + — ,dt—-lt]. 62
(TIM 113)];0 ' (62

re 3\
By letting ms — ®, we obtain for material points that always are in a viscoelastic state

(~Gxma prr1 ¢

The discussion above indicates that there is a fundamental difference whether or
not we have a moving plastic boundary, i.e. whether or not we have fully or partly
plastic vessel walls. In the following exposition, we shall concentrate on partly plastic
vessels, whereas fully plastic vessels are treated in [1].

t
f e(lemc)l dz
]

A VISCOELASTIC ZONE EXISTS

Let the time-dependent plastic radius 7,(r) denote the radius, which divides the
vessel into a viscoelastic-viscoplastic region and a viscoelastic region. The viscoplastic
region is always present adjacent to the inner boundary. In the first place, we shall
derive an expression that determines the development with time of the plastic radius.

Irrespective of the previous stress history, the constitutive equation (39) applies
in the whole viscoelastic-viscoplastic region and (58) applies in the whole viscoelastic
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region. Multiply (39) by A/r and integrate from r, to r,; similarly, multiply (58) by A/r
and integrate from r, to r,. Adding the resulting two expressions yields

)\J"vc, + Ag, + Bo. — Fdr . }\J”’cr, + A6, + B,o,dr

r r r
>\ 1
- Cf+Df)(———;). (64)
03 ra

Integrating the cquilibrium cquation (28) from r; to r, and observing the boundary
condition (36) at r;, we obtain

-p, = xf % qr, (65)
where the notation o, = —p, for r = r, has been used. Differentiation with respect to
time yields

p,—p,=>\f’“—‘dr+m,’—’, 66)
nr ry

where we have used o, = o, for r = r,. Differentiation of (66) gives

i\ 2
D1 —p,,-)\f ——dr+)\(0',),, +)\(r,—--—)\0‘y(y) . 67)

ry ry ry

From (65)-(67), we obtain

AJ’”&,+A6’,+BO‘,—F
r r

dr
L Ly By v\’
=Pt — Py — )‘(Ue)ry - - kGy + A
ry Ty Ty
y

. . ' A =
+A (p. - by - xo,:—’) +Blpy = p,) - = Fln (:—T) : (68)

By completely similar calculations, we obtain

\ J‘” 6. + A.6. + B.o, dr

r

2
=Py — P2 + )\(Ge)r, + 7\0‘,;- ~ Aoy (r,)

Iy y

. ) 3
+ Ae(p)' = p2 + Aoy r—’) + B.(py — p2). (69)

Yy
Inserting (68) and (69) in (64) gives

A/ ) .
—(—-——) (Cf + Df) + p2 — 1 + Aep2 — Apr + B.p, — Bp;

a \r¢

AR SR CANC AN _
+ (A - A) [Py + a Oy (’1) dt (n) ] + (B — B.)p,

+ A Fm (ﬁ> - 0. (70)
o ry



Spherical/cylindrical problems: partly plastic vessel walls 583

It turns out to be possible to write the expressions Cf + Df and py in terms of
the plastic radius r,. This transforms (70) into a differential equation from which r, can
be determined, but to perform this transformation we have to distinguish whether the
plastic radius increases or decreases. Before proceeding with this, it becomes con-
venient to establish some relations for the initial conditions.

In the viscoclastic zone, we have initially an equation similar to (46), i.c.

bo=CR - @ac-DL. )

Integration of the equilibrium equation (28) from ; and r, and subsequent differentiation
yield at ¢t = 0*

e & o
P — P = hf T d4r + )\f Je0 dr. (72)
r r o

Use of (46) in the viscoplastic zone and (71) in the viscoelastic zone results in

. , A (1 1 A CA-A) AC-D AC-D
PIO“PZO="Cf0(1_';)+"fO[ ( - )+ . T s ]
a Y r; « ryo rn ry

+AN I (5’-") . (73)
o r;

The plastic radius never decreases (pressurised vessels)

Usually, the loading of a pressurised vessel is such that the plastic zone will never
decrease. This is the case, e.g. when the outer pressures are held constant. For such
situations, the size of the viscoelastic zone will shrink or remain constant. That is, all
material points in the viscoelastic region have always been in a viscoelastic state.
Therefore, (60) applies in all the viscoelastic region and we can eliminate the unknown
expression Cf(1) + W(f). by observing that for r = r, (60) must give o, = o,. This
implies that in all the viscoelastic zone we have

o, = oy (’—) : (74)

r

Integrating the equilibrium equation (28) from r to r, and using the boundary condition
(34) at r,, we obtain in the viscoelastic zone

A AN AN
N

i.e. for r = r,, we have
A \*
=p; + - 1-|= .
pem o[- ()] @

Note that the stress distribution given by (74) and (75) corresponds exactly to that of
a purely elastic vessel loaded by pressures p, and p, at radius r, and r;, respectively.
By inserting (74) in constitutive equation (58), we obtain

" . . d? ry « d /r * Iy *
Cf + Df = o, 1§ [drz (n) + A, @ (r:) + B, (n) . an

Use of (76) and (77) in (70) yields the expression sought for the development of the
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plastic radius
_ (Y] £ ()" NN YA ENAY
[1 (’2) ] dr? ('i) ¥ [A.,. 4 (’2) TA-A) ("l) ] dt ('l)
s @) e n [ ()]
r T Ty r

+ alpz — pr) + ad(p: — py) + aB(p2 — p1) _
A gy Aoy Aoy

0, (78)

where (B - B.)o, = F has been used. This ordinary nonlinear differential equation of
second order determines the development with time of the plastic radius so long as this
radius never decreases. As shown later, this situation will be fulfilled, e.g. when the
outer pressures p; and p; are constant with time. The solution of (78) requires two
initial conditions to be derived in the following.

Initially, the linear elastic solution is given by (74) for t = 0%, i.e.

Teo = O, ("L")u . (79)

r

Integrating the equilibrium equation (28) at + = 0™ from r, to r; and using the corre-
sponding boundary conditions yields the first initial condition:

(fxg)a - a(pio — on)u . (80)
A Aoy, |1 — O

y r
In the viscoelastic zone, (71) and (74) apply: i.e. we obtain

, “ D
- 2a S (- o

From (45) and (79), we have

ro. (82)

Inserting (81) and (82) in (73) and using that A — A. = Nig,, we finally obtain the
second initial condition:

a/n\* _ 1 a(Pro—px) NI{no\* . _ (re\°
[dt(’t) ]0*1‘('!"1‘2)“{ Aoy +Gy{(n) : m(h) :H ®)

Equations (80) and (83) provide the initial conditions for the ordinary differential equa-
tion of second order given by (78), which can be solved by simple, standard numerical
means.

The coefficient to N/o, in (83) is easily shown to have a value between zero and
unity. As expected, therefore, (83) shows that for constant boundary pressures, the
plastic radius increases initially.

Assume that after a certain time, p, and p; become constant with time, i.e. p =
P = p2 = py = 0. Assume, then, that the terms in the differential equation (78) that
do not involve time rates become zero, i.e.

[B, - B (ﬁ)] (f!)a + £ [1 +1n (’—’)u] 102 Rl 1) Y
r r Oy ry Ao,
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Dividing by B and using F/(Bo,) = 1/(1 + ng/num) and B./B = 1 — 11 + na/nm),
we obtain

16 el (- (]S
r r I + T]B/T]M r r Aoy,
(85)

It is easily shown that the left-hand side of (85) is less than zero for 1 = 0* and increases
with increasing (r,/r)* values. Therefore, as we consider only situations where the
plastic radius does not decrease, we will always, when p; and p, become constant with
time after a certain period, reach a situation where (85) is fulfilled. Conscquently, the
solution to diffcrential equation (78) cventually will yicld a solution where d/d¢(r,/r;)"
= 0. That is, we reach a state having a stationary plastic radius determined by (85).
It is of interest to observe that this stationary plastic radius is determined by the ratios
ri/r2, nafma and (p2 — p1)/o, only. The last term is an expression for the normalised
loading of the vessel, and the ratio of the Bingham to the Maxwell viscosity is the only
material parameter of importance. That is, the Kelvin parameters have no influencé
on the stationary plastic radius.

By letting mg — 0 or mx — , the ratio ng/ma becomes zero, and (85) takes the

form
- (ﬂ> ('—’) +1+1n (’—y> 0 it TV (86)
ra r " Aoy,

It is of interest to observe that this expression for the stationary plastic radius holds
both for viscoelastic-ideal plastic behaviour (ma > 0, ms = 0) for elastic-viscoplastic
behaviour (na — ®, s > 0) and for elastic-ideal plastic behaviour (na, — ®, n5 = 0).
For the latter case, the classical solution as given, for instance, by Hill[5] is rediscovered
by (86). That is, for all the material behaviours just mentioned, the stationary plastic
radius is equal to the classical elastic-ideal plastic solution.

After having discussed the determination of the plastic radius, we shall now de-
termine the function f(¢) present, for instance, in the strain expressions (37) and (38).
This function can be determined by means of (63), where the expression for the effective
stress in the viscoelastic zone, i.e. (74), is inserted. This yields

(— Gx/mxe 1 t
f(1) = -;—; [% re o+ E__T‘K_._L re el GRMK gy 4 ;—:;J; ry dl] . (87)

Once the plastic radius has been determined using (78), a simple quadrature formula
suffices to determine f(¢r). Having determined f(z), the function ¢(¢) is determined by
means of (51). Use of (49) then provides the value of the effective stress in the vis-
coplastic zone directly. It should be noted, however, that (49) applies only in the region
that has always been in a viscoplastic state; i.e. (49) applies from r; to the initial valuc
of the plastic radius ry,o given by (80). In the viscoelastic zone from r, to 2, the effective
stress is given by (74). Between r,o and r,, expressions for the effective stress can be
found, but they turn out to be very complicated and for practical purposes are of minor
importance only.

Integration of equilibrium equation (28) from r, to r using (49) and the boundary

condition at r, gives
LAIOLU], (1] e

a r

r

o = ~py + S é(0)n (E)

valid between r, and ryo. The functions f(¢) and §(¢) are evaluated as described above.
In the viscoelastic region from r, to r;, the radial stress is given by (75).
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The stress distribution has now been determined completely. As f(7) is known
through (87), it follows from (31), (37) and (38) that the strain field is also known
completely.

If the outer pressures become constant with time, the plastic radius will eventually,
as shown previously, reach a stationary value given by (85). This in turn implies that
the stress field in the viscoelastic zone becomes stationary [see (74) and (75)]. For the
stationary state, we therefore have p, = p, = r, = 0. Equation (66) then shows that
the effective stress in the viscoplastic zone also must be stationary. It is of importance
that very simple closed-form solutions can be derived for the stress ficld in the total
viscoplastic zone from r, to r,, when a stationary state has been reached. These expres-
sions can be obtained as follows.

Constitutive equation (39) applies to all the viscoplastic region. When the stationary
state has been reached, we have &, = ¢. = 0, and (39) becomes

zg_‘f.._-t_D__f.f.F'

Bo. =

(39)

In the stationary state, 7/, = r, = 0, and use of (77) yields

9% |, _(=) n\

7T T+ el [] (’) ] +Gy(") ’ o0
where the relations B./B = 1 ~ 1/(1 + ns/ms) and F/B = o,/1 + ma/mam) have been
applied. This stationary stress state is valid in the total viscoplastic region from r; to
ry. The above derivation is based on the assumption that B # 0. B becomes equal to
0 only when mx — =, i.e. when the Kelvin response is suppressed. In that case, dif-
ferential equation (39) degenerates to a first-order differential equation, and it is easily
shown that (90) also provides the stationary value in that case. The stationary effective
stress in the viscoelastic region from r, to r; is still given by (74).

Integration of equilibrium equation (28) using (90) and the boundary condition at
r, yields the stationary radial stress field:

- _roy  fms () _ (nY ry
7 PY T+ ) {TIM [(’1) (") ] +ln (’1) } oD
valid in the total viscoplastic region from r, to r,. The stationary radial stress in the
viscoelastic zone from r, to r; is still given by (75).

It should be observed that the properties of the Kelvin element do not enter the
expressions for the stationary stresses and plastic radius; this is so because the Kelvin
element for constant stresses acts eventually as a rigid element. The only material
parameters that influence the stationary stress state are the na/nas ratio and the yield
stress oy.

An illustration of the stationary effective stress distribution is provided by Fig. 2
for a sphere. Note that inclusion of the Maxwell element enables one to simulate widely
different stationary stress fields, ranging from the purely elastic to the elastic-ideal
plastic ones.

The solution to the spherical problem is given here for any Poisson’s ratio. It may
be observed, however, that neither the initial elastic nor the stationary stress state
depends on Poisson’s ratio. This suggests Poisson’s ratio to be of minor importance
for transient stress states also.

That the elastic parameters influence the transient stress field is a result of the
stress redistribution that takes place. This redistribution depends on the relative stiff-
nesses of the elastic and viscous components and therefore also on the elastic param-
eters.

In the stationary situation, a simple expression can be given for the stationary
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Fig. 2. Stationary effective stress field for a pressurised sphere: ri/r; = 1/4, (p1 — p2)Va, = 12/5.

strain rate also. For stationary stresses, (37) shows that é = f/r*. As the response of
the Kelvin element is completely rigid, the stationary strain rate can be derived as if
the Kelvin element did not exist. Consequently, differentiation of (87) yields

. _ 6y (nY°
€9, pmro0 = _3)“1’" (r) ) (92)

where r, is the stationary plastic radius determined by (85). The stationary state is
therefore described by constant stresses and constant strain rates. The vital importance
of the Maxwell viscosity, mas, in (92) can be explained by the restraining effect of the
viscoelastic zone surrounding the viscoplastic zone. It appears that if the Maxwell
viscosity is suppressed, i.e. ma — , the strains approach a stationary state for large
times.

It can also be observed that the parameter values of the Kelvin element influence
neither the stationary stress field nor the stationary strain rate field. On the other hand,
the magnitude of the Maxwell viscosity is of major importance for the long-term be-
haviour.

We shall now compare the results obtained herein with those previously given in
the literature for simplified material behaviours. Consider first suppression of visco-
plasticity that reduces the results to those valid for a Burgers material. When ng — =,
we have N — 0; i.e. (50) becomes

(Do = 0. 93)

Moreover, as ng —> « implies that R" = R, and R" = R, it appears from (51) and (61)
that ¥(¢) = ¥(r).. A comparison of (49) with (60) then shows, as expected, that the
stress field in the viscoelastic and viscoplastic zone becomes identical. This stress field
is therefore given by (74). We then rediscover that for a Burgers material, the stress
field is similar to the elastic distribution. To determine the development of the plastic
radius, we observe that mz — « indicates that A = A., B = B. and F = 0; i.e. (78)
directly provides the solution

(&) _ __alpy — p2) ©4)

'/ ng—se B Aoy [1 = (n/r2)°]
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which satisfies the initial conditions (80) and (83). That is, the stress field becomes
equal to the clastic field.

To evaluate the strain field (37) and (38) for a Burgers material, the function f(1)
is obtained by means of (87) using (94). This yields

o a2,
f(t)ﬂli—”‘ = I\2 (1 = (r/r2)"} n [C (P p2)

e( GRma i l t
s f (pr — pa) eGR4 — f (p1 = ) dz], 95)
& 0 num Jo

and for constant pressure loadings, we obtain

= G(PI - p2) 3\ . (~ Grinxlt __I__}
R T L AT e T

For the cylindrical problem, this solution is identical to that given by Gnirk and
Johnson{6].

Consider, then, the situation in which the viscoplastic behaviour degenerates into
the ideal plastic behaviour; i.e. let ng — 0. This implies that N — o [see (47)]. This in
turn suggests that the initial rate of the plastic radius becomes infinite [see (83)]; i.e.
the stationary value of the plastic radius given by (86) applies immediately. It is of
interest that (86) holds for all times both for elastic-ideal plastic behaviour (n — <,
ns = 0) and for viscoelastic-ideal plastic behaviour (na > 0, ns = 0). This conclusion
is in agreement with the finding of Crochet[7]. For constant loading, the plastic radius
is also constant; i.c. (87) results in

o, 3\ I (= Cixas) { }
—y B O ) o— ’ ! + —_— 7
f(t)'nu 0 3A ry {C + GK “ € ] v (9 )

valid for a viscoelastic-ideal plastic material. A comparison with (96) shows similarities
as only the coefficient to the bracket differs from that of a Burgers material. The
coefficient in (97) is larger than that of a Burgers material owing to the larger flexibility.
Let us now consider the more intriguing cases where we have the problem of a
moving plastic boundary and different simplified material behaviours.
If the Kelvin element is suppressed, the general differential equation (78) can be
simplified considerably. Having nx — ~ implies that B = B, = F = Qas wellas A —

A. = Nlo,, and this enables one to make an integration of (78). Using the initial con-
dition given by (83), this integration yields, after some algebra,

(-G JaG) [ -GG

LN [1 +n (r) _ (r_)] L o2 =P | aA =P _ o og)

Ty ry r AO‘y )\Uy

This first-order differential equation has to be integrated using the initial condition given
by (80).

A further simplification is obtained by also suppressing the Maxwell viscosity.
Letting ny — ©, we have Aqx—wny—e = Nloy; i.e. (98) reduces to

[1 (rl) ] (ry)u . [1 (n) : (ry)u:l
d: Ty ry r
a(ﬁz - p|) (!N(pz - p|) 0 (99)

\ oy A o

valid for an elastic-viscoplastic material. The initial condition is still given by (80).
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Solutions have been given previously in the literature for this simplificd clastic-
viscoplastic behaviour. Madejski[2] treated a sphere, but the results of this often-re-
ferred-to paper do not correspond to that of (99). However, as previously discussed,
Madejski did not observe that the stress state in the viscoplastic region is dependent
on whether the stress state always has been in that state or whether it previously was
in an clastic statc. The results in [2] arc therefore crroncous. In addition, Berest and
Nguyen|3] very recently also treated the elastic-viscoplastic behaviour of an infinite
sphere and their results are in agreement with (99).

A rather comprehensive exposition of the behaviour of pressurised viscoelastic-
viscoplastic vessels having a viscoelastic zone has been given above. The outer pres-
sures are assumed to be constant or they might change with time, but this variation
must be such that the plastic radius never decreases.

In the following section, we shall treat the case of viscoelastic-viscoplastic vessels,
where the plastic radius never increases.

The plastic radius never increases (relaxation loaded vessels)

For certain loadings, the plastic zone will never increase. This occurs, for instance,
when the displacement of the inner boundary of the vessel is kept constant with time,
i.e. when the vessel is subjected to relaxation conditions. For such cases, all material
points in the viscoplastic region have always been in a viscoplastic state. Therefore,
{49) applies in all the viscoplastic region, and we can eliminate the unknown term Cf(1)
+ {(¢) by observing that for r = r,, (49) must give o, = o,. This implies that in the
viscoplastic zone we have

oe = $(1) [1 - (%)a] + oy (,._:)a , (100)

where the time-dependent function ¢(r) is given by (50). Integrating equilibrium equa-
tion (28) from r, to r and using boundary condition (36) at r,, we obtain in the viscoplastic

zone
A a A At «
o= —p1 + ';45(‘) in (;r:) + o [(%) - (%) ] [$(1) = oy,]. (1on

That is, for r = r,, we have

A r\* _ A _r « _
Py =pi~ 2 (1) In (;—;) a [l (n) ] [b(2) - o,]. (102)

If pressurised vessels were considered, we could proceed just as in the previous
section; i.e. (100) and (102) would replace (74) and (76). Instead of (78), we would obtain
another differential equation, which would determine the development of the plastic
radius. However, as we consider here loadings in which the plastic radius never in-
creases, this would correspond to loading conditions where the outer pressure differ-
ence decreased rapidly with time. Such pressure conditions are seldom encountered
in practice, and therefore we shall instead treat a more interesting loading case, namely,
when the vessel is subjected to relaxation conditions. This case fulfills the prerequisite
that the plastic zone never increase.

To treat the relaxation condition, it becomes necessary to assume incompressibility
for the spherical problem also. It is possible to evaluate the response even when the
prescribed displacement at the inner boundary varies with time, but a particularly
simple solution follows if the prescribed displacement is kept constant with time; i.e.
the boundary condition at the inner radius is #; = constant. This condition is most
often met in applications.

From the expression of the circumferential strain (37) and using the condition of
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incompressibility, i.e. M = 0, we obtain
u
f==r, (103)
r

i.e. f takes a constant value. The effective stress in the viscoplastic zone has already
been determined by (100). However, we can obtain another expression by using (49)
and evaluating the function y(t) by means of (51) using the constant value of f given
by (103). This yiclds

o = ¢(1) - 1':71 (r_rl) R’+R" [(CR" + D) X" - (CR' + D)e*"].  (104)

The two expressions for the effective stress, (100) and (104), must be identical; this
implies

r,\* u, 1 . .
Dy -4 CR" + D) e®" — (CR' + D)e®']. (105
(r.) "R =R, ~ 0 yert =« yerl. (0%
This simple closed-form expression determines the development with time of the plastic
radius. As expected, it can be shown that the plastic radius is a never-increasing function
of time.

The initial value of the plastic radius follows from (105) with t = 0+, i.e.

(M) -l (106)

n ry Oy

in agreement with the linear elastic solution.

The outer pressure p,(¢) is an arbitrary known function of time. However, the
variation of the so-called shrink-fit pressure, i.e. the inner pressure p,(1), is still un-
known. This pressure shall now be determined. )

Inserting the expression for p, given by (102) in (70) and using f = f = 0, we
obtain

o a . . a
-— " _— + — e — + — e —
Y (P2 — 1) )\A (p2 — p1) AB (p2 — p1)

e Td e
+ (4 - A) (@, - @) [(:".) - 1] ” (:—)

+ (4 = Add - (B - B.) (0, — 9)] (%)

+[F-(A-A)d - (B - B)dlln (f—)
]

+(B-B)(oy—¢) — (A~ A) =0. (107

This ordinary linear differential equation of second order determines the pressure dif-
ference p, — p, and thereby the variation of the shrink-fit pressure p(¢). The plastic
radius r, and the function ¢(¢) are given by the explicit expressions (105) and (50),
respectively. The solution of (107) requires two initial conditions to be derived in the
following.

The initial value of the plastic radius is determined by the linear elastic response

given by (80), i.e.
A r o r o
Pio = P2 = — 0y [1 - (é) ] (f) , (108)
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where the term (r,o/r;)* is given by (106). The second initial condition is obtained by
means of (73), using f as a constant given by (103), i.e.

. . A « o)
P:o‘on=;0’y (%’?) I:(A"’Ae) ("r_lo>
D\ (n\* _ 4 4 2) 42 )"
+(A.—C) ("z) A+C] +aNln(r.> . (109)

Equations (108) and (109) provide the initial conditions for the ordinary linear differ-
ential equation (107), which can be solved by simple numerical means. Consequently,
(105) determines the development of the plastic radius, and (107) determines the var-
iation of the shrink-fit pressure p,(¢).

The strain field is obtained directly from (37) and (38) using (103) and M = 0. The
stress field in all the viscoplastic zone is given by (100) and (101). The viscoelastic zone
consists of two fundamental different regions. One region is between the current plastic
radius and the initial plastic radius, i.e. r, < r < r,o, where the stress state initially
was in a viscoplastic state and now is in a viscoelastic state. Because of this change
in the material behaviour, the stress state is very complicated to determine. In the
other region, ryo < r < r,, the stress state has always been in a viscoelastic state; i.e.
we can determine the stress state directly by means of solution (60), where (). is
given by (61). As f(r) in the present situation is a constant given by (103), we can
evaluate «(¢). and obtain

ST (4} N S Rt _ g R
7 " (r) R [(CRe + D) e — (CR. + D) e™]  (110)

valid in the region ryo < r < r,. Integrating the equilibrium equation (28) from r to r,
and using the boundary condition (34) at r,, we obtain

o = —p, — ML m\T (T
" P2 ar | \r r R. - R"
X [(CR: + D) e®' — (CR. + D) e®] (111)

valid in the region r,o < r = r,. This completes the determination of the stress and
strain fields in relaxation loaded vessels.

It is of interest that (110) and (111) demonstrate that the stress field in the vis-
coelastic region ryo < r < r; depends only on the viscoelastic parameters; i.e. this stress
field is independent of the plastic radius and the viscoplastic response. This is a con-
sequence of the assumptions of incompressibility and a constant prescribed displace-
ment at the inner boundary, implying that the strain field is constant with time.

Let us now evaluate the plastic radius for large times. Equation (50) shows that

dy

() = T+ naimm’

(112)

and (105) then implies that for nz/mas > 0 the plastic radius will tend to approach zero;
i.e. the plastic zone will eventually disappear. The following relaxation behaviour is
then determined by a viscoelastic response,

This result suggests that the Maxwell viscosity na plays a vital role in the relaxation
behaviour. By suppressing the Maxwell viscosity, i.e. na ~> ©, the expression for ¢(#),
(50), infers that (105) can be written as

(_r!)" _ _w  (CR" + D) e® R — (CR' + D)

') auoe 1 (@R + N)e®-FY _(gR" + N)

(113)
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i.e. for large times we obtain

ry “« ryo « R" + GM (1/’1’]]( + I/T]B)
. =\7) X s 114
<r1>nu—-®.l—-x ( r ) R" + GM/T]B ( )
where the relations R' = —R" — A, D/C = Gk/nx and (106) have been used and where

the expressions for A, (40), and N, (47), have been applied, observing that M = 0
holds. Thus, when the Maxwell viscosity is suppressed, we might reach a situation
with a stationary plastic radius r, = r,, and as (100) and (112) apply we also obtain a
stationary effective stress distribution o, = o, throughout the viscoplastic zone. When
nm — «, then B, = 0, i.e. R; = 0. Consequently, (110) indicates that also in the
viscoelastic zone we obtain a stationary stress distribution; i.e. the pressure difference
p2 — p. also approaches a stationary value. For pressurised vessels, the Maxwell
viscosity was previously found to be of vital importance for the stationary state of the
stress and strain rate [see the discussion of (90) and (92)]. The discussion above dem-
onstrates the importance of the Maxwell viscosity for relaxation loaded vessels as well.
If the Maxwell viscosity is suppressed, a stationary relaxation state might be achieved.
This observation has far-reaching consequences, e.g. for tunnel-lining problems, be-
cause Maxwell viscosity is often not considered in such problems (see [4, 8]).

Let us now consider the response for some simplified material behaviours and
compare the results with those previously given in the literature.

If both the Maxwell and Kelvin viscosities are suppressed, we obtain an elastic-
viscoplastic material and a particularly simple situation arises. By letting nx — =, (114)
shows that the plastic radius is constant with time. This reduces the problem consid-
erably because one avoids the delicate problem of having a moving plastic boundary.
This simple elastic-viscoplastic response was treated by Nonaka[4] for infinite vessels.
Here we can state the results for such a situation directly. When mp — o and g —
o, we have B = 0,i.e. R’ = 0and R" = —A = — NJo,. This implies that (50) reduces
to

G(Dap—emx—se = Gy [1 — (7N (115)
to be used in the stress expressions (100) and (101) in the viscoplastic zone. In addition,

wehaveR. = R" = D = 0,i.e.e® = e® = |, This implies that outside the viscoplastic
zone, where (110) and (111) apply, these expressions reduce to

o, ('—r’)u (116)
o, = —pz—-ﬁcy[(%)a—-(g)a], (117)

where (106) has been used. Thus, we retrieve an elastic stress distribution, as expected.

To determine the pressure difference p, — p,, it is possible to integrate (107)
directly, using A, = B, = B = F = 0 and A = N/o,. However, it becomes more
convenient to observe that (117) for r = r, must yield o, = —p,, where p, is given by
(102). This results in

__X AN LAY
pr= P = a(r, {ln ('l) (’2> *l
+ [(ﬁ> - 1-1In (5> ]e""”"”’}. (118)
ry n

This result is easily shown to satisfy differential equation (107) as well as its initial

Oe
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conditions (108) and (109). Observing that M = 0, i.e. N/o, = Gu/ms, (118) confirms
the results of Nonakal[4].

Let us now evaluate the relaxation behaviour when the viscoplasticity is sup-
pressed, i.e. for a Burgers material. For ng — ®, ¢(¢) = 0 applies [see (93)], as well
as R' = R, and R" = R, i.e. a comparison of (104) with (110) confirms that we have
the same stress distribution in the viscoelastic and viscoplastic zone. Equation (100)
shows that the stress field becomes

. = o, (’7)“ , (119)

which, as expected, corresponds to a linear elastic distribution. The plastic radius is
still determined by means of (105), observing that () = 0 and R’ = R,,R" = R:.
When ny — <, we have A = A,, B = B,and F = 0; i.e. (107) degenerates to

ﬁZ - ﬁl + Ac(b2 - b!) + Be(p2 - pl) = 09 (120)

and it is easily shown that the solution to this differential equation

_A _(mn\ ()
-mto - (] )

satisfies initial conditions (108) and (109). The plastic radius is still determined by means
of (105), observing that ¢(f) = 0 and R' = R., R” = R!.. The solution above refers to
relaxation loaded vessels made of a Burgers material. When nx ~— =, it is easily shown
that the expressions reduce to those given by Davis[9] for the relaxation of cylinders
made of a Maxwell material.

CONCLUSIONS

Solutions for the viscoelastic-viscoplastic behaviour of partly plastic thick-walled
cylinders in plane strain and spheres were derived for the stress and strain fields. The
loading was due either to pressurisation or relaxation.

For deviatoric loading, the constitutive model consists of a viscoelastic Burgers
element in combination with a viscoplastic Bingham element. For volumetric loading,
linear elastic behaviour was assumed for the spherical problem, whereas incompres-
sibility was assumed for the cylindrical one. The Kelvin part of the Burgers element
exhibits primary, reversible creep, whereas both the Maxwell part of the Burgers ele-
ment as well as the Bingham element exhibit secondary, irreversible creep. Thus, the
constitutive model reflects many creep characteristics observed in a variety of mate-
rials.

The loadings considered were quite general, as the outer pressures might vary with
time. Alternatively, the prescribed inner displacement was kept constant. This, in con-
nection with the rather general constitutive model, leads to a variety of applications.
In addition, it has been shown that it is possible to follow a unified treatment for a
fairly long time even for the variety of loading cases considered.

It turns out that the analysis of partly plastic vessels is impeded by the problem
of having a moving plastic boundary. This suggests the analysis of fully plastic vessels
to be much simpler, which is confirmed by the treatment given in [1]. On the other
hand, [1] demonstrates that much of the analysis presented here can be applied directly
to fully plastic vessels.

Apart from a detailed derivation of the stress and strain fields in partly plastic
vessels, a major effort was given to a discussion of principal aspects of the vessel
behaviour and of the influence of the different material parameters.
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For the pressuriscd vessels, a stationary stress and strain rate situation ariscs for
large times. The magnitude of the Maxwell viscosity turns out to be of major importance
for these stationary states.

For relaxation loaded vessels, the Maxwell viscosity is also of decisive importance.
If this viscosity is ignored, the relaxation behaviour may approach a stationary stress
and strain state. If Maxwell viscosity is included, the vessels will always experience
a continued relaxation.

The significance of the other material parameters was also discussed, and it was
shown that for a hicrarchy of simplificd matcrial behaviours, the derived solutions
degenerate to a variety of previously obtained results.
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APPENDIX A

We shall give here the solution to constitutive equation (39) subjected to initial conditions (45) and (46).
Lengthy but trivial calculations, using R'R" = B [see (48)], show that the complete solution to (39) can be
written as

Cfn + Wy  F

= R’ R"
g. =N et + ca(nef’ + = B

(A1)

where c(r) and c2(r) are arbitrary functions depending on the radius, whereas the time-dependent function
(1) is given by

oy = -

_!_ " " Rt g -R"t
R._R"[R(CR +D)e J;f(t)e dt

- R'(CR' + D) eR" L "fr) e R dt] : (A2)

where Yo = 0 and o = fo(D — AC) apply.
The ¢, and c2 functions can be determined as functions of the initial conditions given by o, 0 and &, 0.
This results in

Bl P (c _%_E)R”_Cfo+(D—AC)fo
O = R - R e.0 .0 o~ B —___—’n

_Cfo F\ 4  Cf)+ W) F
+ (a,_o = ;) e+ = +t5 (A3)

Finally, using the initial conditions as specified by (45) and (46), we obtain

&Rt — oRt (

9 =R -FR

N+ER") +§(1—e“")+

Cf() + w(t)
B re ’

(A4)
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APPENDIX B

In this appendix, we shall derive an expression for the time-dependent function f(r). For this purpose,
consider constitutive equation (39) valid for a viscoelastic-viscoplastic stress state:

P

«

f 6. A B F
a—C+

g, + =0 — &=

c C c (BhH

alT

~
~

Using

[ oo ([ aa)ar = Sewer [, € [ o, comr,

it is easily shown that the solution to differential equation (Bl) is

f(l) _ Te —(DIC) A D B ! (DIC) B
2o (G-Gop) feeroas g faa

- gt + FC + Ki(r) + Ka(r) e~ P/X, (B2)

where K,(r) and K(r) are arbitrary functions to be determined from the initial conditions. These conditions
emerge from (45) and (46), and they imply that

Ki(r) = -

Oz

N FC
Kin) = 5 - —

D D*’

Inserting these expressions in (B2) and using (40)-(44) as well as (47), we derive

f() 1|3 e~ GrinKx J-,
= =m0t , e(GKImK
m onlc” o o€ de
1 ¢ .
+(—+‘I‘)fa,dr—11]. (B3)
N Ma/ SO .

The derivation above is based on the assumption that D # 0, However, D = 0 when nx— =, and it is easily
shown that (B3) is also the correct solution to differential equation (B1) in this simplified situation.

Note that solution (B3) applies to material points, which initially are in a viscoelastic-viscoplastic state
and which remain in such a state.



